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Weil–Châtelet divisible elements in Tate–Shafarevich groups II:
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Abstract — For an abelian variety A over a number field k we discuss the divisibility
in H1(k,A) of elements of the subgroup X(A/k). The results are most complete for
elliptic curves over Q.
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1. Introduction
Let A be an abelian variety over an algebraic number field k with absolute Galois group Galk.
We aim to determine whether elements of the Tate–Shafarevich group
X(A/k)
can become divisible in the Weil–Châtelet group H1(k,A) = H1(k,A(kalg)) with kalg the alge-
braic closure of k, i.e., lie in the subgroup of divisible elements
div(H1(k,A)) =
⋂
n∈N
nH1(k,A).
This question was initially asked by Cassels in the case of elliptic curves (see [Ca62a] Problem
1.3) because an affirmative answer would imply that the kernel of the Cassels’ pairing equals
the maximal divisible subgroup of the Tate-Shafarevich group. This question appears again in
[Ca62b] Problem (b) where Cassels completes his analysis of the kernel of Cassels’ pairing but
states that the question of the divisibility ofX(A/k) in H1(k,A) remains open.
We will attempt to answer the above question one prime at a time. For a prime p we say that
X(A/k) is p-divisible in H1(k,A) if
X(A/k) ⊆ pn H1(k,A) for every n ∈ N.
In view of the conjectured finiteness of X(A/k) which is known for elliptic curves over Q of
analytic rank ≤ 1, the p-divisibility should be guaranteed for large p depending on A/k. Our
aim therefore is to identify conditions that a prime number p must satisfy for the p-divisibility
conclusion to hold, which are sufficient and as close as possible to being necessary.
For elliptic curves over Q, Theorem 34 and Corollary 35 yield the following.
Theorem A. Let E/Q be an elliptic curve defined over the rationals. Then the following holds.
(1) X(E/Q) is p-divisible in H1(Q, E) for all primes p > 7.
(2) There is at most one odd prime number p = 3, 5 or 7, and then at most two quadratic
twists Eτ/Q of E/Q, such that X(Eτ/Q) is not p-divisible in H1(Q, Eτ ).
(3) If p = 5 or 7 andX(E/Q) is not p-divisible in H1(Q, E) then E has semistable reduction
outside p.
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2 MIRELA ÇIPERIANI AND JAKOB STIX
Note that our method can not handle the prime p = 2 and Brendan Creutz [Cr12] has now
shown that for the elliptic curve E : Y 2 = X(X + 80)(X + 205), labelled “1025b2” in Cremona’s
tables,X(E/Q) is not divisible by 4 in H1(Q, E). More recently, Creutz found that divisibility
by 9 fails for the elliptic curve E : X3 + Y 3 + 138Z3 = 0. The remaining cases p = 5 and p = 7
for elliptic curves over Q are open.
The essential content of Theorem 26 provides a uniform criterion for elliptic curves over an
algebraic number field k that depends only on the degree of k/Q. This is part (1) of Theorem B
below, see Section §1.1.3 for the definition of pi(d); part (2) is proved as Corollary 30.
Theorem B. Let E/k be an elliptic curve defined over an algebraic number field k of degree d
over Q. Then X(E/k) is p-divisible in H1(k,E) in the following two cases:
(1) For every prime number p > max{(2d + 2d/2)2, pi(d)}.
(2) If p ≥ 3, the p-torsion subgroup Ep ⊆ E is an irreducible Galk-representation, and
[k(ζp) : k] 6= 2 where ζp is a primitive p-th root of unity.
Using the bound pi(d) < (1+3d/2)2 due to Oesterlé (unpublished), the bound in Theorem B (1)
is simply p > (2d + 2d/2)2. For more on pi(d) we refer to Section §1.1.3.
Our method actually shows more. We define the locally divisible H1 as the kernel
H1div(k,A) = ker
(
H1(k,A)→
⊕
v
H1(kv, A)/ div
(
H1(kv, A)
))
containing the global cohomology classes which locally become divisible. Since the formation of
div(−) is a functor, we find
div(H1(k,A)) ⊆ H1div(k,A).
We now focus on the question of p-divisibility. Denote byMpn the pn-torsion of an abelian group
M and set Mp∞ = ∪n∈NMpn . By local Tate duality we have that
H1(kv, A) = Hom(A
t(kv),Q/Z),
where At denotes the dual abelian variety of A. Then Mattuck’s theorem on the structure of
At(kv) implies that div(H1(kv, A)p∞) = 0 for v - p. Hence, we have the following exact sequence
0→X(A/k)p∞ → H1div(k,A)p∞ →
⊕
v|p
div
(
H1(kv, A)p∞
) ∼= (Qp/Zp)dim(A)·[k:Q]. (1.1)
The most general divisibility property that we prove can be viewed as a local–to–global
principle for p-divisibility of elements in the Weil–Châtelet group with respect to certain p.
Theorem C. Let A/k be an abelian variety over an algebraic number field, At its dual abelian
variety, and p a prime number. If we assume that
(i) H1(k(Atp)/k,Atp) = 0, with the splitting field k(Atp) of the p-torsion Atp of At, and
(ii) the Galk-modules Atp and End(Atp) have no common irreducible subquotient,
in particular if p 0, then div(H1(k,A))p∞ = H1div(k,A)p∞ holds andX(A/k) is p-divisible in
H1(k,A).
In fact, Theorem A and Theorem B are, with the exception of two cases of elliptic curves
E/Q with respect to p = 11, special cases of Theorem C. The proof of Theorem C and thus
the answer to Cassels’ divisibility question for almost all primes, actually follows immediately
by Proposition 13 from Theorem D below (applied to At) and Theorem 23.
Theorem D is actually a local global principle, i.e., a vanishing result forX1(k,Apn), see Sec-
tion §2.1 for the definition, that might be of independent interest; for the proof see Theorem 19.
Theorem D. Let A/k be an abelian variety over an algebraic number field, and let p be a prime
number. Then
X1(k,Apn) = 0 for all n ≥ 0,
if we assume that
(i) H1(k(Ap)/k,Ap) = 0, with the splitting field k(Ap) of the p-torsion Ap of A, and
(ii) the Galk-modules Ap and End(Ap) have no common irreducible subquotient.
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Our approach works also in the case when A/k is an abelian variety over the function field of
a geometrically connected, smooth projective curve X over a finite field, at least with respect to
divisibility questions for p distinct from the residue characteristic. However, since our current
interest lies in the arithmetic case when k is an algebraic number field, we have not developed
the geometric case in parallel.
Acknowledgments. The authors would like to thank Brian Conrad, Brendan Creutz, Wojciech
Gajda, and Joseph Oesterlé for several useful discussions. The first author is also grateful to her
advisor, Andrew Wiles, for introducing her to this method of thinking about the p-divisibility
of the Tate-Shafarevich group.
1.1. Notation. We fix some notation which will be in use throughout the text.
1.1.1. Let k denote an algebraic number field with absolute Galois group Galk and ring of
integers ok. The completion of k at a place v is kv. The finite places of k will be identified with
the closed points of X = Spec(ok).
1.1.2. LetM be an abelian group. The n-torsion subgroup is denoted byMn, andMp∞ denotes
the p-primary torsion
⋃
nMpn . The subgroup
div(M) =
⋂
n≥1
nM
of divisible elements of M contains the maximal divisible subgroup of M
Div(M) =
∑
ϕ∈Hom(Q,M)
im(ϕ).
For matters of clarity we stress that "a is p-divisible" means that for every n ≥ 1 there is a′n
with a = pna′n. Observe that div(M) can be strictly larger than Div(M), as for example with
d ∈ N in:
M =
(⊕
n
1
dn
Z/Z
)
/ ker
(
sum :
⊕
n
1
d
Z/Z→ 1
d
Z/Z
)
where div(M) = 1dZ/Z and Div(M) = 0.
1.1.3. For every positive d ∈ N, we define pi(d) to be the maximal prime number p such that
there exists an elliptic curve E defined over a number field k of degree d = [k : Q], which admits
a non-trivial k-rational p-torsion point.
Merel [Me94] showed that pi(d) is finite and gave the upper bound (d > 1)
pi(d) < d3d
2
. (1.2)
The best result in the literature to our knowledge is the bound by Parent [Pa99]
pi(d) < 65 · (3d − 1) · (2d)6, (1.3)
while an unpublished result of Oesterlé1 yields the estimate
pi(d) < (1 + 3d/2)2. (1.4)
For small values of d the following values of pi(d) are known precisely: Mazur in [Ma78] Theorem 2
shows pi(1) = 7, Kamienny [Ka92] building on work of Kenku and Momose proves pi(2) = 13,
and Parent shows pi(3) = 13 in [Pa00] with the prime 17 dealt with in [Pa03]. Unpublished work
by Kamienny, Stein and Stoll (resp. together with Derickx) shows pi(4) = 17 (resp. pi(5) = 19).
1The improved bound for pi(d) due to Oesterlé from 1995 is unpublished. Moreover, Parent found a gap for
d = 3 and p = 43, but was later able to repair the gap in [Pa00] under an arithmetic assumption which was
a consequence of the Birch and Swinnerton-Dyer conjecture. Fortunately, this assumption was later proved by
Kato. We thank J. Oesterlé for first hand information on his bound.
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2. Reminder on global Galois cohomology
2.1. Tate–Shafarevich groups and Poitou–Tate duality. Let k be an algebraic number
field and M a discrete Galk-module. We set
Xi(k,M) = ker
(
Hi(k,M)
∏
v resv−−−−−→
∏
v
Hi(kv,M)
)
with the restriction maps resv induced by the embedding k ↪→ kv, and the product ranges over
all places v of k.
Let M be a finite Galk-module and MD := Hom(M,µ∞) its Cartier dual, here µ∞ denotes
the group of roots of unity in kalg. Poitou–Tate duality yields a perfect pairing of finite groups
X1(k,M)×X2(k,MD)→ Q/Z,
see [NSW08] VIII Theorem (8.6.7).
The Tate–Shafarevich groupX(A/k) for an abelian variety A over k is defined2 as
X(A/k) =X1(k,A(kalg)),
and in particular is a torsion group. It follows that Cassels’ question decomposes into p-primary
parts. We will now concentrate on the p-primary part for a fixed prime number p.
2.2. The Selmer group and generalized Selmer groups. Let A/k be an abelian variety.
The pn-torsion Selmer group of A is defined as
H1Sel(k,Apn) = ker
(
H1(k,Apn)→
∏
v
H1(kv, A)
)
with v ranging over all places of k. A diagram chase with the cohomology sequence of the
Kummer sequence 0 → Apn → A p
n·−−→ A → 0 over k and all the localisations kv yields the
fundamental short exact sequence
0→ A(k)/pnA(k) δkum−−−→ H1Sel(k,Apn)→X(A/k)pn → 0. (2.1)
It is known that H1Sel(k,Apn) is a finite group.
The Selmer group H1Sel(k,Apn) is a global H
1 with local Selmer-conditions determined by the
image of the boundary map δkum of the Kummer sequence
Selv = δkum
(
A(kv)/p
nA(kv)
) ⊂ H1(kv, Apn)
at every place. We shall be working with the following generalized Selmer groups. Let Q be a
finite set of finite places. The Selmer group free at Q is defined as
H1SelQ(k,Apn) = ker
(
H1(k,Apn)→
∏
v 6∈Q
H1(kv, Apn)/Selv
)
and the Selmer group trivial at Q is defined as
H1
SelQ
(k,Apn) = ker
(
H1(k,Apn)→
∏
v 6∈Q
H1(kv, Apn)/Selv ×
∏
v∈Q
H1(kv, Apn)
)
.
Consequently, we have the following inclusions
H1
SelQ
(k,Apn) ⊆ H1Sel(k,Apn) ⊆ H1SelQ(k,Apn).
In the case when Q is the set of primes of k dividing p, we use H1Selp(k,Apn) (resp. H
1
Selp(k,Apn))
to denote the Selmer groups H1
SelQ
(k,Apn) (resp. H1SelQ(k,Apn)).
2Indeed, the traditional definition ofX(A/k) is equivalent due to the subtle equality
H1(kv, A) = H
1(kv, A(k
alg
v )) = H
1(kv, A(k
alg)).
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3. Subgroups of GL2 over finite prime fields
The purpose of this section is to provide the following classification statement.
Theorem 1. Let V be a vector space over Fp of dimension 2. For a subgroup G ⊆ GL(V ) the
following are equivalent.
(1) (i) V and End(V ) have no common irreducible factor as G-modules, and
(ii) H1(G,V ) = 0.
(2) (i) The group G is not contained in a subgroup of GL(V ) that is isomorphic to the
symmetric group S3, in particular p > 2, and
(ii) If V is a reducible G-module, namely an extension
0→ χ1 → V → χ2 → 0 (3.1)
for characters χi : G→ F∗p, then we require that χ1 6= 1, χ22 and χ2 6= 1, χ21.
The proof of Theorem 1 requires some preparation. We first recall the well known classification
of subgroups of GL2(Fp), see §2 of [Se72].
Proposition 2. Let G be a subgroup of GL2(Fp) and let G be the image under the natural map
GL2(Fp)→ PGL2(Fp). Then one of the following holds.
(1) p | #G and G is contained in a Borel B ⊂ GL2(Fp).
(2) p | #G and G contains SL2(Fp).
(3) p - #G and G is contained in a normalizer of a split torus.
(4) p - #G and G is contained in a normalizer of a non-split torus.
(5) p - #G and G is isomorphic to A4, S4, or A5. 
3.1. Computation of cohomology. A p-Sylow subgroup P of GL(V ) is mapped under a
suitable isomorphism GL(V ) ∼= GL2(Fp) induced by a choice of basis for V to the standard
p-Sylow subgroup
U =
{(
1 b
0 1
)
; b ∈ Fp
}
⊂ GL2(Fp).
The normalizer N of P in GL(V ) is mapped to the standard Borel subgroup
B =
{(
a1 b
0 a2
)
; a1, a2 ∈ F∗p, b ∈ Fp
}
⊆ GL2(Fp).
The two characters χi : N → F∗p defined by the isomorphism N ∼= B and
χi(
(
a1 b
0 a2
)
) = ai,
for i = 1, 2, occur in an exact sequence of N -modules
0→ χ1 → V → χ2 → 0. (3.2)
The diagonal torus T ⊂ B corresponds to a subgroup S ⊂ N such that N = P o S with S
acting on P through the character
χ1/χ2 : S ⊂ N → F∗p = Aut(P ).
For a subgroup G ⊂ GL(V ) with p | #G, up to conjugation, we may assume that P ⊂ G and
determine the normalizer NG(P ) of P in G as N ∩G. The extension (3.2) restricts to an exact
sequence as NG(P )-modules in which by abuse of notation we write χi = χi|NG(P ). As before,
the semi-direct product structure NG(P ) = P o (S ∩G) has S ∩G ∼= NG(P )/P acting on P via
the character χ1/χ2.
Lemma 3. (1) If p - #G, then H1(G,V ) = 0.
(2) If p | #G, then the NG(P )-equivariant quotient map ϕ : V  χ2 induces an injection
H1(G,V ) ↪→ HomNG(P )(P, χ2).
In particular, then H1(G,V ) = 0 except possibly if χ1 = χ22.
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Proof: (1) is clear and only recalled for completeness. For (2), as the index of NG(P ) in G is
prime to p we have H1(G,V ) ↪→ H1(NG(P ), V ) so that we may assume G = NG(P ). Since the
index of P in G is prime to p, we find
H1(G,V ) = H1(P, V )G/P
and it remains to show that the map H1(P, V )→ H1(P, χ2) = Hom(P, χ2) is injective. We con-
sider the long exact cohomology sequence for the extension (3.2). Since H0(P, χ1) = H0(P, V ),
the connecting map
δ : Fp = H0(P, χ2)→ H1(P, χ1) = Hom(P, χ1) ∼= Fp
is an isomorphism, and the map H1(P, V )→ H1(P, χ2) is indeed injective. 
3.2. When there are homotheties. The center of GL(V ) is the group Z ∼= F∗p of scalar
automorphisms. We formulate a more general lemma, because later our proof of Theorem 23
depends on it.
Lemma 4. Let W be a finite dimensional Fp-vector space, and let G ⊂ GL(W ) be a subgroup
which intersects the center F∗p ∼= Z ⊂ GL(W ) non-trivially. Then the following holds.
(1) W and the adjoint representation End(W ) have no common irreducible factor.
(2) H1(G,W ) = 0.
Proof: (1) The group H = G∩Z of homotheties in G acts trivially on every irreducible factor
of End(W ) and faithfully on every irreducible factor of W . Hence none of them can occur in
both W and End(W ).
(2) The inflation/restriction sequence for H CG reads
0→ H1(G/H,WH)→ H1(G,W )→ H1(H,W )G/H .
Since H was assumed to be non-trivial and is necessarily of order prime to p, both WH and
H1(H,W ) vanish, and consequently also H1(G,W ) = 0. 
Lemma 5. Let G be a subgroup of GL2(Fp) such that (5) of Proposition 2 holds. Then G meets
the center Z of GL2(Fp) non-trivially.
Proof: It suffices to discuss the case G = A4. If G ∩ Z = 1, then we have a copy
A4 ⊆ GL2(Fp),
in particular p > 2. The 2-Sylow subgroup of A4, the Klein 4-group V4 = Z/2Z × Z/2Z, has a
completely reducible representation theory already rationally over Fp as we may produce enough
projectors already rationally over Fp. Hence V4 is contained in a split torus C = F∗p × F∗p and
must agree with the 2-torsion of C. Thus V4 already contains the central element
−1 ∈ F∗p ∼= Z,
a contradiction. 
3.3. The adjoint representation. The action of the normalizer of a torus is best understood
by identifying V = A = Fp[α] with a separable quadratic Fp-algebra. Then
Aut(A/Fp) = Z/2Z,
of which we denote the generator by F (since it is the Frobenius if A is a field). Let us consider
the associated normalizer of a torus G = A∗ o 〈F 〉 ⊂ GL(V ). We introduce two new G-module
structures on V denoted
• A0 with action factoring through G 〈F 〉 followed by the F -action on V = A0, and
• A1 with action factoring through
G = A∗ o 〈F 〉 → A∗ o 〈F 〉 = G
which maps F to F and λ ∈ A∗ to λ/F (λ), followed by the defining action on V = A1.
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Lemma 6. In the above notation, End(V ) decomposes as a G = Fp[α]∗ o 〈F 〉-module as
A0 ⊕A1 ∼−→ End(V )
(a0, a1) 7→
(
v 7→ a0v + a1F (v)
)
.
Proof: We compute compatibility with F
(F (a0), F (a1)) 7→
(
v 7→ F (a0)v + F (a1)F (v)
)
= F ◦ (v 7→ a0v + a1F (v)) ◦ F−1
and compatibility wtih λ ∈ A∗
(a0,
λ
F (λ)
· a1) 7→
(
v 7→ a0v + λ
F (λ)
a1F (v)
)
=
(
v 7→ λ · (a0(λ−1v) + a1F (λ−1 · v))
)
.
Clearly, the map restricted to either Ai is injective. Since A∗ acts trivially on A0 but non-
trivially on A1 (except for the case A = F2×F2 were a direct computation confirms the lemma)
this implies that the sum of the map still is injective. By comparing dimensions we deduce that
it is an isomorphism. 
Lemma 7. Let V be a reducible representation with characters χi : G → F∗p for i = 1, 2 as
irreducible factors. Then the irreducible factors of End(V ) are χ1 ⊗ χ−12 ,1,1, and χ2 ⊗ χ−11 .
Proof: Choosing the right ordering we have a short exact sequence 0 → χ1 → V → χ2 → 0.
The dual V ∨ then sits in the short exact sequence 0 → χ−12 → V ∨ → χ−11 → 0, and tensoring
the two sequences yields the desired decomposition of End(V ) = V ∨ ⊗ V . 
We next address the special case where G ∼= S3.
Lemma 8. If G ∼= S3, then V and End(V ) have a common irreducible factor.
Proof: We discuss the cases p = 2, p = 3 and p - #G separately.
The case p = 2. Here a good model is V = F4 and G = GL2(F2) acts as F∗4 o Gal(F4/F2).
As in Lemma 6 we denote the generator of Gal(F4/F2) in GL(V ) by F . By Lemma 6 the map
V → A1 which maps v 7→ F (v) is an isomorphism of V onto a direct summand of End(V ).
Indeed, for λ ∈ F∗4 we find
F (λv) = λ2F (v) = λ−1F (v) =
λ
F (λ)
F (v)
while the compatibility with F is obvious.
The case p = 3. Here the 3-cycle of G = S3 must act after choosing a suitable basis as(
1 1
0 1
)
.
Therefore G is contained in the standard Borel. As S3 is not abelian, the two characters
χ : G → F∗3 by projecting to a diagonal entry must be distinct. Hence one is trivial and
the other one is the sign character. By Lemma 7 the trivial character also occurs in End(V ).
The case p - #G. By representation theory prime to p there is a unique faithful representation
of dimension 2 of G = S3 over Fp. Namely, the 3-cycle lies in a torus C, either as(
ζ3 0
0 ζ−13
)
in the split torus if 3 | p− 1 (here ζ3 denotes a primitive cubic root of unity), or as the 3-torsion
of a nonsplit torus if 3 | p + 1. With the notation of Lemma 6, a transposition agrees with
the generator F of a spliting N/C → N for the normalizer N of the torus. The action on
A1 ⊂ End(V ) is also faithful by the formula from Lemma 6 as otherwise F would fix the 3-cycle
and G = S3 would be commutative, a contradiction. The uniqueness of a faithful 2-dimensional
representation for S3 thus shows that V ∼= A1 ⊂ End(V ) as G-representations. 
Corollary 9. The determinant of the unique faithful 2-dimensional S3 representation V over
Fp is the mod p sign character sign : S3 → {±1} ⊆ F∗p.
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Proof: This follows from the discussion of this representation in the proof or Lemma 8.
Alternatively, we can remark that the representation V is already defined over Z as the kernel
VZ of the natural map
sum : indS3(2,3)(1)→ 1
which sums up the components in the natural basis of the tautological permutation representa-
tion. Then
det(VZ) = det(ind
S3
(2,3)(1)) = sign,
according to one of the definitions of the sign character. 
3.4. Proof of Theorem 1. By Lemma 8, both properties (1) and (2) fail if G is contained in a
subgroup of GL(V ) that is isomorphic to S3. We thus may assume (i) of (2), and in particular
that p ≥ 3, since GL2(F2) ∼= S3.
The case V reducible. Let V as a G-module be an extension of the character χ2 by the
character χ1. By Lemma 7, the irreducible factors of End(V ) as a G-module are χ1 ⊗ χ−12 ,1,
and χ2⊗χ−11 . So (i) of (1) holds if and only if χ1 6= 1, χ22 and χ2 6= 1, χ21, which is exactly what
(ii) of (2) asks for. Moreover, Lemma 3 shows that (ii) of (1) follows from (ii) of (2).
The case V irreducible. Let p | #G. As G is not contained in a Borel, we conclude by
Proposition 2 that G contains SL2(Fp). Now as p ≥ 3 the group G necessarily meets the center
of GL(V ) non-trivially, so that (1) holds by Lemma 4.
If p - #G and the image of G in PGL2(Fp) is one of the exceptional cases A4, S4 or A5,
namely in case (5) of Proposition 2, then Lemma 5 and Lemma 4 show that (1) holds.
It remains to show (1) in the case that p - #G and G is contained in the normalizer N =
C o Z/2Z of a torus C ⊂ GL2(Fp) and V is an irreducible G-module. Part (ii) of (1) holds
trivially. Lemma 6 now tells us about the action of G on End(V ). Let H = G ∩ C be the
intersection with the torus, hence a subgroup in G of index ≤ 2. Because V is not a reducible
G-module and p ≥ 3 we have #G ≥ 3 and therefore H 6= 1.
If (1) part (i) fails, then in the decomposition End(V ) = A0 ⊕A1 of Lemma 6 we must have
V ∼= A1, because H acts trivially on the first summand A0 ⊂ End(V ). The representation
V ⊗ Fp2 regarded as an H-module decomposes as a sum of characters χ1 ⊕ χ2 of H. The
representation A1 ⊂ End(V ) decomposes after scalar extension to Fp2 as H-module as χ1χ−12 ⊕
χ2χ
−1
1 . Comparing the two, we find either χ1 = 1 = χ2, whence H = 1 contradicting the
irreduciblity of V as a G-module. Or, χ1 = χ22 6= 1 and χ2 = χ21 6= 1 which means χ1 and χ2 are
of order 3 and determine each other. In this case H ∼= Z/3Z and acts on V non-centrally and
without a common fixed vector. In any case, split or non-split, the subgroup H ⊂ C is normal
but not central in N . Hence either H = G and G can be embedded in a subgroup S3 of GL(V ),
or H CG of index 2 and G ∼= S3 itself. In any case, this violates (i) of (2) and was excluded in
the beginning of the proof. This completes the proof of Theorem 1. 
3.5. Families of exceptional cases in GLn. In Theorem 1, the family of subgroups
S3 ⊆ GL2(Fp)
provides a family of exceptions, which according to the theorem is the only family (varying p)
acting irreducibly in dimension n = 2 such that condition (2) fails. We would like to illustrate
that this is only the tip of the iceberg when the dimension n grows.
Example 10. Let G/Q be a not necessarily connected linear algebraic group. By [GP03] The-
orem 1, there is a simple finite dimensional algebra A/Q, in general non-associative and non-
commutative. Hence, we have a non-trivial bilinear map
m : A⊗Q A→ A,
such that the Q-algebraic group Aut(A) is isomorphic over Q to G. We regard A as a (faithful)
algebraic G-representation
G = Aut(A) ↪→ GL(A). (3.3)
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The adjoint to m with respect to the adjoint pair of functors − ⊗Q A and HomQ(A,−) on
G-representations
m# : A→ HomQ(A,A) = End(A)
is a non-trivial map of G-representations.
If we choose integral models for all structures involved, we can reduce mod p for almost all p
and find another exceptional family of subgroups
G(Fp) ⊆ GLn(Fp)
with n = dimQ(A) such that Theorem 1 (2) fails.
It is not clear to us, whether the representations (3.3) in Example 10 are necessarily irreducible.
However, also when we assume the representation to be irreducible, we are not spared of more
exceptional cases.
Example 11. The monster finite simple group M is the largest sporadic simple group of order
|M | = 246 · 320 · 59 · 76 · 112 · 133 · 17 · 19 · 23 · 29 · 31 · 41 · 47 · 59 · 71 ≈ 8 · 1053.
It was predicted by Fischer and independently Griess in 1973 and later constructed by Griess
[Gr82] as an automorphism group of the (real) Griess algebra
A = 1⊕ V
of dimension 1 + 196883. The action on the 196883-dimensional piece V yields the smallest
irreducible representation of M . The M -action on V preserves the non-trivial product
µ : V ⊗ V ⊂ A⊗A→ A→ V
that is the V -component of the product of the Griess algebra A⊗A→ A projected to V . This
product is defined over a ring R of finite type over Z and thus admits non-trivial specialisations
to fields Fp for a positive Dirichlet density of primes p. In fact, by [Gr82] page 2, the irreducible
character χ of V takes rational values, and therefore by the Brauer–Speiser Theorem [CR87]
(74.27) has Schur index equal to 1. It can thus be defined over Q by [CR87] Theorem (74.5)
(iii), and consequently, a non-trivial multiplication
µ : V ⊗ V → V
can even be defined over R = Q. Thus all but finitely many primes are ok. This shows that for
dimension n = 196883 there is a series of exceptional subgroups
M ⊂ GLn(Fp)
isomorphic to the monster group, where Theorem 1 (2) fails.
4. Vanishing of the Selmer group trivial at Q
We recall that k will always be an algebraic number field with ring of integers ok.
4.1. The obstruction for a local–global principle for divisibility. Divisibility by pn is
controlled by an obstruction class as follows.
Lemma 12. Let A/k be an abelian variety and let p be a prime number. For n ∈ N there is a
short exact sequence
0→ H1div(k,A)p∞ ∩ pn ·H1(k,A)→ H1div(k,A)p∞ δn−→X2(k,Apn). (4.1)
Proof: The short exact sequence 0 → Apn → A p
n·−−→ A → 0 of Galk-modules together with
restriction to Galkv yields a commutative diagram
H1(k,A)
pn· //

H1(k,A)
δn //

H2(k,Apn)

H1(kv, A)
pn· // H1(kv, A)
δn // H2(kv, Apn).
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As classes in H1div(k,A) are locally divisible, a diagram chase shows that δn(H
1
div(k,A)) takes
values inX2(k,Apn). This proves the lemma. 
Proposition 13. Let A/k be an abelian variety and let p be a prime number. If for n ∈ N with
the dual abelian varity At we have X1(k,Atpn) = 0, then H
1
div(k,A)p∞ ⊆ pn ·H1(k,A).
Proof: By Lemma 12 and Poitou–Tate duality, see [NSW08] VIII Theorem (8.6.7), the ob-
struction for divisibility by pn lies in
X2(k,Apn) = Hom(X1(k,Atpn),Q/Z) = 0.
Now the proposition follows immediately from the exact sequence (4.1) of Lemma 12. 
Let Q be a finite set of primes. Then obviously
X1(k,Atpn) ⊆ H1SelQ(k,Atpn)
so that in view of Proposition 13 we can deduce divisibility by pn from vanishing theorems for
Selmer groups trivial at Q.
4.2. The obstruction for divisibility in Cassels’ question. As far as Cassels’ original
question is concerned, namely the divisibility by pn of only X(A/k) instead of H1div(k,A) in
H1(k,A), we can formulate a necessary and sufficient condition3 as follows.
Proposition 14. Let A/k be an abelian variety and let p be a prime number. For n ∈ N the
following are equivalent.
(i) X(A/k) ⊆ pn ·H1(k,A).
(ii) The natural map i∗ :X1(k,Atpn)→X(At/k) factors over Div
(
X(At/k)
)
.
Proof: By Lemma 12 assertion (i) is equivalent to the vanishing of the Kummer boundary
map restricted toX(A/k) which factors as
δ :X(A/k)/Div(X(A/k))→X2(k,Apn). (4.2)
Assertion (ii) is clearly equivalent to the vanishing of
X1(k,Atpn)→X(At/k)/Div(X(At/k)), (4.3)
so that it remains to argue that (4.3) is the adjoint of (4.2) under the Poitou–Tate pairing
〈−,−〉PT recalled in Section §2.1 and the Cassels–Tate pairing 〈−,−〉CT, since the latter is
non-degenerate modulo the maximal divisible subgroup.
For α′ ∈ X1(k,Atpn) and α ∈ X(A/k) we compute the Cassels–Tate pairing of i∗(α′) with
α following basically the Weil-pairing definition of the Cassels–Tate pairing as in [PS99] §12.2.
Instead of computing the boundary of α after choosing pn large enough and lifting α to H1(k,Apn)
with respect to
0→ Apn → Ap2n p
n
−→ Apn → 0,
we can similarly compute the boundary directly with respect to
0→ Apn → A p
n
−→ A→ 0.
Therefore 〈i∗(α′), α〉CT depends only on α′ and δ(α), and the further formulae in [PS99] §12.2
translate immediately into the description of the Poitou–Tate pairing 〈α′, δ(α)〉PT as is explicitly
described in the paragraph above Theorem 4.20 in [Mi86]. This finishes the proof. 
Remark 15. (1) In this paper, assertion (ii) of Proposition 14 will always follow from the vanishing
of X1(k,Apn). Therefore, in all cases the more general assertion on divisibility properties of
H1div(k,A) will follow.
(2) It follows from (2.1) that we have a short exact sequence
0→ {a ∈ A(k); a ∈ pn ·A(kv) for all v }/pn ·A(k)→X1(k,Apn)→X(A/k)pn (4.4)
3The statement of Proposition 14 was suggested to us by Brendan Creutz.
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Cases where {a ∈ A(k); a ∈ pn · A(kv) for all v } 6= pn · A(k) are known, even when k = Q and
A = E is an elliptic curve: see [DZ04] for pn = 4, and more generally in [Pa10]. These examples
yield in particular cases where
X1(k,Apn) 6= 0,
but in view of Proposition 14 and (4.4) this does not imply that Cassels’ question has a negative
answer for At/k.
(3) Brendan Creutz in [Cr12] also proves Proposition 14 and uses it to show that for every
prime p there exists an abelian variety A/Q such thatX(A/Q) is not divisible by p in H1(Q, A).
Furthermore, he also finds an elliptic curve E/Q such that X(E/Q)2 is not divisible by 4 in
H1(Q, E).
4.3. The Selmer splitting field. Let A/k be an abelian variety. We denote by
H1Sel(k(Ap)/k,Ap)
the intersection of H1Sel(k,Ap) with the image under inflation of H
1(k(Ap)/k,Ap) in H1(k,Ap).
Then we have the following commutative diagram with exact rows
0 // H1Sel(k(Ap)/k,Ap)
⊆
inf // H1Sel(k,Ap)
res //
⊆
HomGal(k(Ap)/k)(Gal
ab
k(Ap)
⊗Fp, Ap)
0 // H1(k(Ap)/k,Ap)
inf // H1(k,Ap)
res // H1(k(Ap), Ap)
Gal(k(Ap)/k)
The restriction map defines a canonical continuous Galk-equivariant pairing
H1Sel(k,Ap)×
(
Galabk(Ap)⊗Fp
)→ Ap. (4.5)
Let M denote the quotient of Galabk(Ap)⊗Fp by the right kernel of the above pairing. The
restriction map factors as follows
H1Sel(k,Ap)→ HomGal(k(Ap)/k)(M,Ap) ⊂ HomGal(k(Ap)/k)(Galabk(Ap)⊗Fp, Ap).
Observe that the finiteness of the Selmer group H1Sel(k,Ap) implies that M is finite. Hence the
quotientM corresponds to a finite Galois extension L/k(Ap), that we call the Selmer splitting
field of A with respect to the prime p, more preciselyM = Gal(L/k(Ap)). SinceM is a quotient
as Gal(k(Ap)/k)-module, the field L is in fact Galois over k and Gal(k(Ap)/k) acts on M by
conjugation after lifting under the quotient map Gal(L/k) Gal(k(Ap)/k).
Lemma 16. Let A/k be an abelian variety, and let L be the Selmer splitting field with respect
to p. Then the following holds.
(1) The following sequence is exact:
0→ H1Sel(k(Ap)/k,Ap)→ H1Sel(k,Ap)→ HomGal(k(Ap)/k)(Gal(L/k(Ap)), Ap) (4.6)
(2) Every irreducible Gal(k(Ap)/k)-module subquotient of Gal(L/k(Ap)) is isomorphic to an
irreducible subquotient of Ap.
Proof: (1) follows from the definition of L. For (2) we note that pairing 4.5 yields an injective
map
Gal(L/k(Ap)) = M ↪→ Hom(H1Sel(k,Ap), Ap) ∼= Ap ⊕ . . .⊕Ap (4.7)
of Gal(k(Ap)/k)-modules, where H1Sel(k,Ap) carries the trivial action. 
4.4. The vanishing of some generalized Selmer groups.
Proposition 17. Let A/k be an abelian variety, and let p be a prime number, such that
(i) H1(k(Ap)/k,Ap) = 0.
Let Q be a finite set of finite primes of k not dividing p, and fix n ∈ N such that
(ii) A has good reduction at v for all v ∈ Q;
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(iii) the set of Frobenius elements Frobw ∈ Gal(L/k(Ap)) where L is the Selmer splitting field
of A/k with respect to p and w denotes a prime of k(Ap) dividing v, when v ranges over
Q, generates Gal(L/k(Ap)) as a Gal(k(Ap)/k)-module;
(iv) Apn(kv) is a free Z/pnZ-module for all v ∈ Q.
Then for all m ≤ n we have that
H1
SelQ
(k,Apm) = 0.
Proof: Step 1: We first treat m = 1. We set k1 = k(Ap), and k1,w for the completion of k(Ap)
in w. Localization at v yields a commutative diagram
H1Sel(k,Ap)
resk1/k //

HomGal(k1/k)(Gal(L/k1), Ap)
evw

H1nr(kv, Ap)
resk1,w/kv // H1nr(k1,w, Ap) = Ap
with the evaluation map evw mapping a morphism ϕ : Gal(L/k1) → Ap to its value ϕ(Frobw)
at the Frobenius element of w. Assumption (iii), the sequence (4.6), and assumption (i) imply
H1
SelQ
(k,Ap) ⊆ H1Sel(k(Ap)/k,Ap) ⊆ H1(k(Ap)/k,Ap) = 0.
Step 2: We now show the general case by induction onm terminating in n. As an abbreviation
we set
Lm,v = SelQv ⊆ H1(kv, Apm)
for the Selmer condition trivial at Q for Apm-coefficients. Then the following diagram is com-
mutative and the rows are exact
Lm−1,v //

Lm,v //

L1,v

// 0
0 // H1(kv, Apm−1)/δkum
(
Ap(kv)
)
// H1(kv, Apm)
pm−1· // H1(kv, Ap)
(4.8)
The snake lemma applied to (4.8) yields that in the commutative diagram
Ap(k)

δkum // H1(k,Apm−1)

// H1(k,Apm) //

H1(k,Ap)
∏
v Ap(kv)
δkum //
∏
v
H1(kv ,Apm−1 )
Lm−1,v
//
∏
v
H1(kv ,Apm )
Lm,v
//
∏
v
H1(kv ,Ap)
L1,v
(4.9)
the bottom row is exact. The map δkum in the bottom row is the zero map: by assumption
(iv) when v ∈ Q, then Apm(kv)/Apm−1(kv) → Ap(kv) is surjective for m ≤ n, or, in general for
v /∈ Q, by comparing the boundary maps for the diagram
0 // Apm−1 // Apm
 _

pm−1· // Ap
 _

// 0
0 // Apm−1 // A
pm−1· // A // 0
(It is the limitation of assumption (iv) that forces the induction to terminate at n). Again the
snake lemma applied to (4.9), more precisely a diagram chase, yields exactness of
H1
SelQ
(k,Apm−1)→ H1SelQ(k,Apm)→ H1SelQ(k,Ap)
so that with Step 1 we deduce the theorem by induction on m. 
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Remark 18. It seems difficult to set up an inductive argument to proveX1(k,Apm) = 0 for all
m ≤ n directly.
We are now ready to give a proof of Theorem D from the introduction.
Theorem 19. Let A/k be an abelian variety over an algebraic number field, and let p be a prime
number. Then
X1(k,Apn) = 0
for all n ≥ 0, if we assume that
(i) H1(k(Ap)/k,Ap) = 0, with the splitting field k(Ap) of the p-torsion Ap of A, and
(ii) the Galk-modules Ap and End(Ap) have no common irreducible subquotient.
Proof: We are going to show that an auxiliary finite set of finite primes Q exists (depending
on n) such that conditions (ii)–(iv) of Proposition 17 hold. Then
X1(k,Apn) ⊆ H1SelQ(k,Apn) = 0
by Proposition 17 proves the theorem.
First we prove that the Selmer splitting field L of A/k and k(Apn) are linearly disjoint over
k(Ap). Indeed, let K = L ∩ k(Apn) be their intersection and set M = Gal(K/k(Ap)) for the
abelian Galois group over k(Ap). Then, since K/k is Galois, the projection
Gal(L/k(Ap))M
is a surjection of Gal(k(Ap)/k)-modules. It follows from Lemma 16 that M has a composition
series as Gal(k(Ap)/k)-module consisting of irreducible subquotients of Ap. On the other hand,
the group Gal(k(Apn)/k(Ap)) is a subgroup of
N = ker
(
GL(Apn)→ GL(Ap)
)
.
The group N is solvable with abelian subquotients
Nm = ker
(
GL(Apm)→ GL(Apm−1)
)
that are canonically Gal(k(Ap)/k)-modules and isomorphic to the adjoint representation of
Gal(k(Ap)/k) on End(Ap). Since, by assumption, Ap and End(Ap) share no irreducible sub-
quotient, we deduce that M = 0 and K = k(Ap), which means that L and k(Apn) are linearly
disjoint over k(Ap).
The Chebotarev density theorem enables us to choose a finite set Q of finite places v - p in
the locus of good reduction of A/k, so that the Frobenius elements Frobv for v ∈ Q satisfy
(a) the image of Frobv in Gal(k(Apn)/k) is trivial,
(b) the images of Frobv for v ∈ Q generate Gal(L/k(Ap)).
The linear disjointness of L and k(Apn) over k(Ap) implies that (a) and (b) do not contradict
each other. This shows (ii)–(iv) of Proposition 17 for the set Q and concludes the proof. 
Remark 20. Let A/k be an abelian variety over a number field k, and let n ∈ N. In [DZ01]
Dvornicich and Zannier started the investigation, actually for general commutative algebraic
groups, of whether an element a ∈ A(k) that is locally divisible by n in A(kv) for (almost) all
places v of k must necessarily be globally divisible by n, i.e, a ∈ nA(k). The vanishing criterion
of Theorem 19 above together with the exact sequence (4.4) gives a criterion for the equality
{a ∈ A(k); a ∈ pn ·A(kv) for all v } = pn ·A(k) (4.10)
to hold for a prime number p and all n ≥ 1. Below in Section §5 we will verify this criterion in
various cases for elliptic curves and thus reprove results obtained on cases where (4.10) holds,
namely [PRV12] Corollary 2.
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4.5. The criterion in the case of elliptic curves. Based on the group theory of GL2 in
Section §3 we can show the following criterion for a p-primary local–to–global principle for
divisibility in the special case of elliptic curves.
Theorem 21. Let E/k be an elliptic curve and let p be a prime number. We assume that the
following holds for G = Gal(k(Ep)/k) ⊆ GL(Ep).
(i) The group G is not contained in a subgroup of GL(Ep) that is isomorphic to the sym-
metric group S3, in particular p > 2; and
(ii) If Ep is a reducible G-module, then its semisimplification Essp is not of the form
(a) 1⊕ p with the mod p cyclotomic character p, or
(b) χ⊕ χ2 for a character χ : Galk → F∗p such that χ3 = p.
Then the elements of H1div(k,E) and in particular of X(E/k) are p-divisible in H
1(k,E).
Proof: Since the determinant of the mod p representation ρE : Galk → GL(Ep) is the cyclo-
tomic character p, conditions (i) and (ii) guarantee by Theorem 1 that
• Ep and End(Ep) have no common irreducible factor as Galk-modules,
• and H1(G,Ep) = 0.
We deduce by Theorem 19 thatX1(k,Epn) = 0 for all n ≥ 0, and thus
H1div(k,E)p∞ ⊆ pn ·H1(k,E)
for all n ≥ 0 by Proposition 13. This concludes the proof. 
4.6. Divisibility by almost all primes — review of Bashmakov’s results. Bashmakov
gives a partial answer to Cassels’ question, at least when p is large. In [Ba72] §5, the treatment
is said to be restricted to CM-abelian varieties, but is only carried out for elliptic curves.
Proposition 22 (Bashmakov [Ba72] Proposition 22). Let k be an algebraic number field and
let E/k be an elliptic curve. Then for almost all p we have X(E/k)p∞ ⊆ div(H1(k,E)). In
particular, for such p, every class in X(E/k) is p-divisible in H1(k,E).
Bashmakov’s main tool in the proof of Proposition 22 is provided by a result of Serre [Se79]
that the image of Galk acting on the full Tate module TE =
∏
` T`E contains an open subgroup
of the diagonal torus. For an abelian variety instead of an elliptic curve but restricted to the `-
component this is due to Bogomolov. The bound for p, such that Proposition 22 holds, provided
by Bashmakov’s method depends on the index of this open subgroup in the diagonal torus. In
the meantime, Serre has improved his result so that this approach now shows the following.
Theorem 23. Let k be an algebraic number field and let A/k be an abelian variety. Then for
almost all p we have H1div(k,A)p∞ = div(H
1(k,A))p∞ . In particular, for such p, every class in
X(A/k) is p-divisible in H1(k,A).
Proof: Let ρAt,p : Galk → GL(Tp(At)) be the Galois representation on the p-adic Tate module
of the dual abelian variety At. Then Serre, [Se86] §2, has shown that there is an integer N ≥ 1
independent of p such that ρAt,p(Galk) contains the diagonal (Z∗p)N . Thus, for p > N + 1, the
image G = G1,p(At) of the mod p representation ρAt,p : Galk → GL(Atp) meets the center of
GL(Atp) non-trivially. By Lemma 4 we find that for p > N + 1 the modules Atp and End(Atp)
have no common irreducible factor and also H1(G,Atp) = 0. We conclude by Theorem 19 that
X1(k,Atpn) = 0
for all n ≥ 0. By Proposition 13 this completes the proof. 
Remark 24. It is tempting to ask, whether the bound for p in Theorem 23 depends only on k
and maybe dim(A) but not on the particular abelian variety A/k. Theorem 26 (2) provides such
a uniform bound on p in terms of only the degree of k/Q in the case of elliptic curves.
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5. The case of elliptic curves
5.1. Applications to elliptic curves over number fields. We first analyze the conditions
asked by Theorem 21 in the case of elliptic curves over arbitrary number fields.
Corollary 25. Let k be a number field. Then for ’most’ elliptic curves E/k, in particular for
infinitely many of them, the group H1div(k,E) and in particularX(E/k) is p-divisible in H
1(k,E)
for all odd primes p.
Proof: Jones [Jo10] (for k = Q) and Zywina [Zy10] consider the set of elliptic curves
Y 2 = X3 + aX + b
such that a and b are integers of k and h(a, b) < x (where h denotes a height on such pairs).
They show ([Zy10] Theorem 1.3 and Theorem 1.6) that the ratio of the cardinality of the subset
of elliptic curves such that
|SL2(Fp)|
|Gal(k(Ep)/k) ∩ SL2(Fp)| ≤ 2 (5.1)
for every prime p by the total number of curves in the box h(a, b) < x approaches 1 as x goes to
infinity. When (5.1) holds and p > 2, then Gal(k(Ep)/k) can neither be contained in an S3 nor
in a Borel subgroup of GL(Ep). Hence in this sense for ’most’ elliptic curves E/k the conditions
of Theorem 21 hold for every prime p > 2. 
Recall from Section §1.1.3 that pi(d) is the maximal prime number such that an elliptic curve
E over a number field k/Q of degree d admits a non-trivial k-rational p-torsion point.
Theorem 26. Let E/k be an elliptic curve defined over an algebraic number field k of degree d
over Q. Then the following holds.
(1) The group H1div(k,E) and thereforeX(E/k) is p-divisible in H
1(k,E) for a prime number
p ≥ 5 under the following conditions:
(i) The extension k(ζp)/k has degree ≥ 3, and
(ii) no elliptic curve E′ which is k-isogenous to E has a k-rational p-torsion point, in
particular if p > pi(d), and
(iii) p > (Nv +
√
Nv)2 where Nv = |Fv| is the size of the residue class field Fv for a
place v - 3p of k.
(2) If p > max{(2d + 2d/2)2, pi(d)}, then H1div(k,E) and therefore X(E/k) is p-divisible in
H1(k,E).
Proof: (1) Since the determinant of the mod p representation ρE : Galk → GL(Ep) is the
cyclotomic character p, property (i) shows that det(Gal(k(Ep)/k)) has order ≥ 3. This implies
Gal(k(Ep)/k) is not contained in a subgroup of GL(Ep) that is isomorphic to the symmetric
group S3 (see Corollary 9). Hence, we are only concerned by the second condition of Theorem 21.
Since (ii) implies that Essp 6∼= 1 ⊕ p, it remains to verify that Essp is not of the form χ ⊕ χ2 for
some character χ : Galk → F∗p such that χ3 = p.
We argue by contradiction. Note that the ramification at v - 3p of a character χ that solves
χ3 = p is at most tame and of degree ev | 3. Let k′/k be an extension of degree ev depending on v
with a place w | v of k′ such that k′w/kv is totally tamely ramified of degree ev. In particular, the
size Nw of the residue field Fw at w agrees with Nv. It follows then from Abhyankar’s Lemma
and Essp = χ ⊕ χ2 that the inertia group Iw ⊂ Galk′ acts unipotently on Ep = Tp(E)/pTp(E).
Since a priori the action of inertia on Tp(E) is quasi-unipotent, Lemma 27 below applies, and
Iw must even act unipotently. The criterion of semistable reduction [SGA7I ] IX §3 Proposition
3.5 then shows that E/k has semistable reduction at w after scalar extension to k′.
If E/k has multiplicative reduction in w, then there is an unramified quadratic character
δ : Galk′w → {±1} such that as a Galk′w -representation
Essp |Galk′w ∼= δ ⊕ δp ∼= χ⊕ χ
2.
If δ = χ and δp = χ2, then δ = χ = p and thus p(Frobw) = ±1 ∈ F∗p, which means
p | Nw ± 1 = Nv ± 1.
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If on the other hand δ = χ2 and δp = χ, then δ = χ2 = 2p and thus p(Frob
2
w) = ±1 ∈ F∗p,
which means
p | (Nw)2 ± 1 = (Nv)2 ± 1.
Finally, if E/k has good reduction in w, then Ep is an unramified Galk′w -module and
a = aw = 1 +Nw − |E(Fw)| ≡ tr(Frobw |Essp ) mod p
Since Essp |Galk′w ∼= χ⊕χ
2 where χ3 = p (as in Mazur’s argument presented in [Se79]) we deduce
that
p | (χ(Frobw)2 + χ(Frobw))3 − a3 ≡ Nv + (Nv)2 + 3Nv · a− a3 mod p
with a ∈ Z and |a| ≤ 2√Nv due to the Hasse–Weil bound. An analysis of the function f(x) =
3Nx− x3 on the interval −2√N ≤ x ≤ 2√N shows that
|3Nv · a− a3| ≤ 2
√
(Nv)3.
Consequently, we find
0 < (Nv −
√
Nv)2 ≤ Nv + (Nv)2 + 3Nv · a− a3 ≤ (Nv +
√
Nv)2
which leads in the case of good reduction at w to
p ≤ (Nv +
√
Nv)2.
Consequently, if p > (Nv +
√
Nv)2 then Essp 6∼= χ⊕ χ2 as claimed.
(2) Observe that if p > max{(2d + 2d/2)2, pi(d)}, then p must be odd and hence condition (iii)
holds with respect to any place v | 2. Moreover, since p > pi(d), condition (ii) holds by definition
of pi(d). Finally, for (i) we use the crude estimate
[k(ζp) : k] ≥ [Q(ζp) : Q]
[k : Q]
=
p− 1
d
>
(2d + 2d/2)2 − 1
d
>
4d
d
≥ 1 + d · 3
d
> 3.
Therefore, (2) holds as a special case of (1). 
Lemma 27. Let p be an odd prime number. Let ρ : G→ GL2(Zp) be a quasi-unipotent contin-
uous representation of a pro-finite group G such that the mod p representation ρ : G→ GL2(Fp)
is unipotent. If ρ is not unipotent, then p = 3 and ρ(G) ∼= Z/3Z.
Proof: Since we assume that G acts quasi-unipotently, there is an open normal subgroup
G0 ⊂ G such that ρ|G0 is unipotent. If G0 acts non-trivially, then it fixes a unique Zp-line, and
ρ(G) lies in a Borel subgroup, namely the normalizer of the stabilizer of the line. Due to ρ being
quasi-unipotent and ρ being unipotent, the corresponding diagonal characters map to a finite
group of 1-units in Z∗p and therefore are trivial. Hence the representation ρ is unipotent.
If on the other hand ρ(G0) = 1, then ρ(G) is a torsion subgroup of GL2(Zp) and therefore
isomorphic to its image in GL2(Fp) (see Lemma 9 in [So07]). Since we may assume that ρ is
non-trivial we conclude that ρ(G) ∼= Z/pZ, and that we have a non-trivial M ∈ GL2(Qp) with
Mp = 1. The characteristic polynomial of M is quadratic over Qp and its roots are non-trivial
pth roots of unity. Hence the pth cyclotomic extension Qp(ζp) is at most quadratic over Qp,
whence p ≤ 3. 
Corollary 28. Let E/k be an elliptic curve defined over an algebraic number field k, and let p
be a prime number. Then H1div(k,E) is p-divisible in H
1(k,E) under the following conditions:
(1) The extension k(ζp)/k has degree ≥ 3, and
(2) one of the following holds:
(a) E has good reduction above a place v of k with norm Nv = 3 and p > 11.
(b) no elliptic curve E′ which is k-isogenous to E has a k-rational p-torsion point and
3 | p− 1 but the degree of Q(ζp) ∩ k over Q is prime to 3.
(c) 3 | p − 1, the prime p is unramified in k/Q, and p > pi(d) where d is the degree of
k/Q.
Remark 29. The conditions (b) and (c) in Corollary 28 both already imply condition (1).
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Proof of Corollary 28: As in the proof of Theorem 26 we deduce from (1) that the first
condition of Theorem 21 holds. Hence, we are only concerned by the second condition of Theo-
rem 21. We therefore assume that Ep is a reducible Galk-representation with semi-simplification
Essp = χ1 ⊕ χ2. In order to satisfy the second condition of Theorem 21 we have to exclude the
following two cases:
(A) Essp = 1⊕ p,
(B) Essp = χ⊕ χ2 with χ3 = p.
Under the assumption (c) we have Q(ζp)∩k = Q and the assumption in (b) on k-rational torsion
points holds again by definition of pi(d). So (c) in fact implies (b). Under the assumption (b)
the option (A) is excluded and the equation χ3 = p has no solution, which excludes option (B).
It remains to discuss assumptions (a). Let v be a place of k with residue field Fv of cardinality
Nv and where E has good reduction E/Fv, then as in the proof of Theorem 26 we have a ∈ Z
with |a| ≤ 2√Nv and
a = tr(Frobv |Tp(E)) ≡ χ1(Frobv) + χ2(Frobv) mod p.
We distinguish the two cases and argue similarly to the proof of Theorem 26.
(A) If Essp = 1⊕ p, then
1 +Nv − a ≡ 0 mod p.
(B) If Essp = χ⊕ χ2 with χ3 = p, then
(Nv + (Nv)2) + 3a ·Nv − a3 ≡ (χ(Frobv)2 + χ(Frobv))3 − a3 ≡ 0 mod p.
We finally exploit assumption (a), so that Nv = 3 and |a| ≤ 3. The constraints in the two cases
now are
(A) p divides one of 4− a ∈ {1, 2, 3, 4, 5, 6, 7},
(B) p divides one of 12 + 9a− a3 ∈ {12, 2, 4, 12, 20, 22, 12}.
Hence, if p > 11 none of the cases (A) or (B) can occur, and thus E/k satisfies the assumptions
of Theorem 21 for p. 
Corollary 30. Let E/k be an elliptic curve defined over an algebraic number field k, and let
p be an odd prime number. Then H1div(k,E) is p-divisible in H
1(k,E) if Ep is an irreducible
Galk-representation and [k(ζp) : k] 6= 2.
Proof: We have to verify the conditions of Theorem 21. Since Ep is assumed irreducible,
condition (ii) is automatic. In order to satisfy also condition (i) of Theorem 21 we argue by
contradiction. If Gal(k(Ep)/k) ⊆ GL(Ep) lies in a copy of S3, then for Ep to be irreducible we
must have p ≥ 5 and Gal(k(Ep)/k) ∼= S3 ⊆ GL2(Fp). But then
[k(ζp) : k] = | det(Gal(k(Ep)/k)| = | det(S3)| = 2
by Corollary 9 and this was excluded. 
5.2. Quadratic twists. For an elliptic curve E/k and a character
τ : Galk → {±1} ⊆ Aut(E)
we denote by Eτ the quadratic twist of E by τ . The p-torsion of the twist Eτ is given by
(Eτ )p = Ep ⊗ τ as a Galk-module.
Corollary 31. Let k be a number field and let E/k be an elliptic curve.
(1) Let p ≥ 3 be a fixed prime number. Then among the quadratic twists of E there are at
most 3 twists Eτ such that H1div(k,E
τ ) is not p-divisible in H1(k,Eτ ).
(2) For all but a finite number of quadratic twists Eτ of E the group H1div(k,E
τ ) is p-divisible
in H1(k,Eτ ) for all p ≥ 3.
Proof: (1) We verify the conditions of Theorem 21 for almost all quadratic twists. Since
twisting is transitive, we may first assume that G = Gal(k(Ep)/k) ⊆ GL(Ep) is isomorphic to
one of the groups
(a) the trivial group,
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(b) Z/2Z, non-centrally in GL(Ep) (see Corollary 9),
(c) Z/3Z,
(d) S3.
For a non-trivial τ : Galk → {±1} we find Gτ = Gal(k(Eτp )/k) ⊆ GL(Eτp ) equal to respectively
(a) Z/2Z, centrally in GL(Eτp ),
(b) Z/2Z× Z/2Z,
(c) Z/3Z× Z/2Z,
(d) S3 × Z/2Z, since a transposition in S3 cannot be central in GL(Eτp ).
Consequently, every non-trivial twist Eτ satisfies condition (1) of Theorem 21, which means that
in general, at most one of the twists of E/k can fail condition (1) of Theorem 21.
Secondly, we assume that Ep is reducible and that condition (2) of Theorem 21 fails. If a
non-trivial twist Eτ also fails condition (2), then twisting by τ either preserves 1⊕ p or χ⊕χ2
with χ3 = p, or it transforms one to the other. In any case, the character τ 6= 1 is one of the
following list
(a) (1⊕ p)⊗ τ ∼= 1⊕ p: then τ = p,
(b) (χ⊕ χ2)⊗ τ ∼= χ⊕ χ2: then τ = χ = p,
(c) (1⊕ p)⊗ τ ∼= χ⊕ χ2: then τ = χ = p or τ = χ2 = 2p,
(d) (χ⊕ χ2)⊗ τ ∼= 1⊕ p: then τ = χ = p or τ = χ2 = 2p.
In any case τ = p or 2p which cannot both be non-trivial quadratic characters. Hence, condition
(2) of Theorem 21 can in general only fail for at most 2 twists of E/k.
(2) Due to (1) it suffices to show that for p  3 and all quadratic twists Eτ/k the group
H1div(k,E
τ ) is p-divisible in H1(k,Eτ ). If E/k has no CM, then by [Se72] §4.4 we have
Gal(k(Ep)/k) = GL(Ep)
for p  3. If E/k has CM, then by [Se72] §4.5 the image Gal(k(Ep)/k) ⊆ GL(Ep) contains
a full (split or non-split) torus C ⊂ GL(Ep) for p  3. In both cases Gal(k(Ep)/k) contains
the group of diagonal matrices ∼= F∗p and continues to contain at least the squares ∼= (F∗p)2 6= 1
after twisting. Lemma 4 then provides that the conditions of Theorem 21 are satisfied for all
quadratic twists of E. 
Corollary 32. Let k be a number field. For every j ∈ k there is an elliptic curve E/k with
j-invariant j such that H1div(k,E) and therefore X(E/k) is p-divisible in H
1(k,E) for all odd
primes p.
Proof: Quadratic twists share the same j-invariant, and Corollary 31. 
Remark 33. Corollary 32 would be automatic if among the quadratic twists of a given E/k we
could find a curve Eτ withX(Eτ/k) = 0 or at least of order a power of 2.
5.3. Applications to elliptic curves over Q. Now we attempt to find optimal results in the
case of k = Q.
Theorem 34. Let E/Q be an elliptic curve defined over the rationals. Then the following holds.
(1) H1div(Q, E) and therefore X(E/Q) is p-divisible in H1(Q, E) for all primes p > 7.
(2) Let p be an odd prime number such that H1div(Q, E) is not p-divisible in H1(Q, E). Then
we have one of the following cases.
(a) p = 3 and Ess3 = 1⊕ 3,
(b) p = 5 and Ess5 = 1⊕ 5, or Ess5 = 35 ⊕ 25,
(c) p = 7 and Ess7 = 1⊕ 7.
In particular, in all the above cases the inertia group Iv ⊂ GalQ for a place v - p acts
through a p-group on Tp(E). Moreover, in case (b) and (c) the curve E has semistable
reduction outside of p.
(3) H1div(Q, E) and therefore X(E/Q) is p-divisible in H1(Q, E) for all odd primes p where
E has supersingular or non-split multiplicative reduction at p.
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Proof: (1) Observe that by Theorem 26 (2) we know that H1div(Q, E) and henceX(E/Q) are
p-divisible in H1(Q, E) for all primes p > max{(2 +√2)2, pi(1)}. Since 11 < (2 +√2)2 < 12 and
pi(1) = 7 by Mazur [Ma78] Theorem 2, it follows that we can now restrict our attention to the
case p = 11.
Again by work of Mazur (see Theorem 2 in [Ma78]) we know that E(Q)11 is trivial and hence
all we need is to identify (and deal differently with) all E/Q such that Ess11 is of the form χ⊕χ2
for a character χ : Galk → F∗11 such that χ3 = 11. Observe that χ3 = 11 implies that χ = ⊗711 .
We know that elliptic curves such that E11 is reducible correspond up to quadratic twist to
non-cuspidal rational points4 of X0(11) of which there are three (see [BK75] page 79). These
three rational points correspond up to quadratic twist to the following three elliptic curves E/Q
of conductor 121 (the code is as in Cremona’s list [Cr]):
elliptic curve [a1, a2, a3, a4, a6] j-invariant tr(Frob2 |T11(E)) Ess11
121b1 [0,−1, 1,−7, 10] −215 0 ⊗311 ⊕ ⊗811
121c1 [1, 1, 0,−2,−7] −112 1 ⊗411 ⊕ ⊗711
121c2 [1, 1, 0,−3632, 82757] −11 · 1313 1 ⊗411 ⊕ ⊗711
These elliptic curves E/Q have good reduction outside 11. By reducing the affine equation of
the respective elliptic curve modulo 2 and counting |E(F2)| we compute
tr(Frob2 |T11(E)) = 2 + 1− |E(F2)|
recorded in the table above. On the other hand, since for these curves E11 is reducible and
unramified away from 11 class field theory tells us that Ess11 ∼= a11 ⊕ b11 for some a, b ∈ Z/10Z
with a+ b ≡ 1 mod 10. To complete the above table we determine the pair (a, b) by comparing
tr(Frob2 |T11(E)) with 2a + 2b mod 11 as follows.
(a, b) (0, 11) (1, 10) (2, 9) (3, 8) (4, 7) (5, 6)
2a + 2b mod 11 3 3 -1 0 1 -3
If a quadratic twist Eτ/Q has Eτ,ss11 = 
⊗7
11 ⊕ ⊗411 ∼= Ess11 ⊗ τ , then τ must be a power of 11,
namely τ = 1 or τ = ⊗511 , and so this does not occur for τ = 
⊗5
11 in view of the above determined
structure of Ess11 in the three cases.
Consequently, in the case of p = 11 we are left with exactly two potential exceptions, the two
11-isogenous non-CM curves labeled “121c1” and “121c2”. For these two curves only, the criterion
of Theorem 21 does not apply. Let E be one of the elliptic curves labeled “121c1” or “121c2”.
Since E has good reduction outside the regular prime p = 11, and since the Galois action on Ess11
factors over 11 we deduce from [ÇS12] Proposition 5 with k = Q that our potential exceptions
obey the theorem as well.
(2) The list follows immediately from Theorem 21 and the analysis of its conditions in the
proof of part (1). Note that χ3 = 7 has no solution.
We concude that for v - p the inertia group Iv acts unipotently on Ep = Tp(E)/pTp(E). The
action of Iv on Tp(E) is a priori quasi-unipotent, so that Lemma 27 applies and the action is in
fact unipotent for p = 5 or p = 7. We conclude by the criterion for semistable reduction, see
[SGA7I ] IX §3 Proposition 3.5.
(3) We now consider the case when E has either supersingular or non-split multiplicative
reduction at p. In this case the second condition of Theorem 21 holds because
(i) if E has supersingular reduction at p then ρE,1 is irreducible (see Proposition 2.11 in
[DDT97]); and
(ii) if E has non-split multiplicative reduction at p, we have that Essp |GalQp = δ⊕δp where δ
is the unique unramified quadratic character of GalQp (see Proposition 2.12 in [DDT97]).
4We thank Brian Conrad for suggesting this way of dealing with the prime 11.
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It remains to verify the first condition of Theorem 21 for p = 3. We argue by contradiction and
assume that the image of GalQ in GL(E3) is contained in a subgroup isomorphic to S3. Then
the proof of Lemma 8 shows that E3 is reducible with semisimplification Ess3 = 1 ⊕ 3 and we
are back in the case of the second condition of Theorem 21 that we already dealt with. 
Corollary 35. Among the quadratic twists Eτ/Q of an elliptic curve E/Q we find at most one
odd prime number p = 3, 5 or 7 and at most
(a) 2 twists for p = 3,
(b) 2 twists for p = 5,
(c) 1 twist for p = 7,
such that H1div(Q, Eτ ) is not p-divisible in H1(Q, Eτ ). In case (b) and (c) such a twist has
semistable reduction at all ` 6= p. In particular, for all but at most 2 of the quadratic twists of
E/Q we have that H1div(Q, Eτ ) and therefore X(Eτ/Q) is p-divisible in H1(Q, Eτ ) for all odd
prime numbers p.
Proof: The proof is straight forward following the proof of part (1) of Corollary 31 together
with the knowledge of the precise structure of bad pairs (E, p) for k = Q from Theorem 34 (2).
It remains to exclude that among the twists of a given E/Q more than one of the cases (a)–(c)
can occur. Cases (b) and (c) cannot both among the twists for a fixed E/Q since no elliptic
curve has rational isogeny of degree 35 by [Ke82] Theorem 1.
We argue by contradiction. Let us assume that the primes 3 and p ∈ {5, 7} occur as bad primes
among the twists of E/Q. Note that for the prime p = 5 the two possible bad semisimplifications
are twists of each other by 25. Therefore, after twisting, we may assume that Essp = 1⊕ p and
that there is a quadratic character τ with Eτ,ss3 = 1⊕ 3.
It follows from Lemma 27 that an inertia group I` ⊂ GalQ for ` 6= 3 acts on T3(Eτ )
(1) either unipotently and Eτ has semistable reduction at `,
(2) or via a finite 3-group and Eτ has potentially good reduction at `, more precisely with
the image of inertia Φ` ∼= Z/3Z.
In the potentially good reduction case and for ` 6= p we find the same image Φ` in GL(Eτp ),
namely as the image of inertia in the geometric automorphism group of the special fibre of the
potential good reduction of Eτ . From Eτ,ssp = τ⊕τp we conclude that the mod p representation
Eτp does not allow I` to act via a 3-group. Thus Eτ/Q is in fact semistable at `. Consequently,
the Galois module structure of Eτ,ssp now implies that τ must be unramified outside 3p.
If τ ramifies at p, then Eτ,ssp = τ ⊕ τp forbids semistable reduction at p for Eτ , whence
Eτ,ss3 = 1⊕3 shows that Eτ has potentially good reduction at p. More precisely, good reduction
at p occurs after a Galois extension k/Q with ramification degree 3 above p (for example the
extension k = Q(Eτ3 ) works). But then E
τ,ss
p = τ ⊕ τp still forbids good ordinary reduction. In
case of supersingular reduction, the image of inertia Ik,p = Ip ∩Galk at p (after the extension)
is contained in the intersection of a non-split torus in GL(Ep) with the split torus associated to
the decomposition Eτ,ssp = τ ⊕ τp. This intersection is contained in the central diagonal torus,
and therefore τ and τp agree on Ik,p. This leads to p(Ik,p) = 1 in contradiction to p(Ip) = F∗p
and | Ip / Ik,p | = 3.
It follows that τ must be unramified outside 3, and then τ = 3 or τ = 1 so that in any case
Ess3 = (1 ⊕ 3) ⊗ τ = 3 ⊕ 1. Hence, there is an elliptic curve E′/Q with a Q-rational point of
order 3p that is Q-isogenous to E. This contradicts Mazur’s list [Ma77] Theorem 8 of possible
orders of rational torsion points. 
Remark 36. (1) It is interesting to note that the difficult odd prime numbers with respect to
showing p-divisibility for elliptic curves E over Q are exactly the odd Mazur prime numbers, i.e.,
those prime numbers for which E may contain Q-rational p-torsion elements. To some extent
this is a consequence of our method, but it is tempting to look for a deeper connection.
(2) In this respect it is amusing that in order to produce p-torsion inX(Eτ/Q) for quadratic
twists of E/Q, a frequent assumption requires E to have a Q-rational p-torsion point. For
example, in [BO03] Theorem 2 Balog and Ono show that if p = 3, 5 or 7 such that E is good5
5Apparently a mild constraint, see [BO03].
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with respect to p and has a Q-rational p-torsion point, then with τd ranging over quadratic
characters of fundamental discriminant d, and Ed = Eτd , we have an asymptotic lower bound∣∣∣{0 < −d < x ; Ed has analytic rank 0, andX(Ed/Q)p 6= 0}∣∣∣ x1/2+1/(2p)
log2 x
as x goes to infinity. In particular, an assumption that we like to avoid, namely having rational
p-torsion, actually helps us to show that our p-divisibility result Corollary 35 is non-trivial
because the Tate–Shafarevich group in question actually sometimes has non-trivial p-torsion.
(3) Matsuno in [Ma07] Theorem 5.1 shows that dimFpX(E/Q)p is unbounded for p = 2, 3, 5, 7
or 13 among all elliptic curves E/Q. More precisely, this result also searches for p-torsion
elements in the Tate–Shafarevich group among quadratic twists of a given elliptic curve with a
reducible mod p representation. The list of primes is exactly the list of primes p such that the
modular curve X0(p) is rational.
Corollary 37. Let E/Q be an elliptic curve which does not have a rational 4-cyclic subgroup.
Then among the quadratic twists of E there are infinitely many E′/Q with X(E′/Q) divisible
in H1(Q, E′).
Proof: Observe that if E has a 4-cyclic subgroup defined over Q then it has a 2-cyclic subgroup
defined over Q, and thus a non-trivial Q-rational 2-torsion point and #E2(Q) ≥ 2. Hence we
have to consider the following three cases.
(1) E2(Q) = 0: by Theorem 1.4 of Mazur and Rubin [MR10] we know that E has infinitely
many twists E′ such that H1Sel(Q, E′2) is trivial and consequently so isX(E′/Q)2.
(2) E2(Q) ' Z/2Z and E has no 4-cyclic subgroup defined over Q:
(a) if E has no 4-cyclic subgroup defined over Q(E2) then E has infinitely many twists
E′ such that the Z/2Z-rank of H1Sel(Q, E′2) equals 1 (see Theorem 1.3 of Klagsbrun
[Kl11]);
(b) if E has a 4-cyclic subgroup defined over Q(E2) then since elliptic curves over Q do
not have constant 2-Selmer parity [MR10], by Theorem 1.5 of Klagsbrun [Kl11] we
have that E has infinitely many twists E′ such that the Z/2Z-rank of H1Sel(Q, E′2)
equals 1.
Consequently, E has infinitely many quadratic twists E′ such thatX(E′/Q)2 is trivial.
(3) E2(Q) ' (Z/2Z)2 and E has no 4-cyclic subgroup defined over Q: by work of Heath-
Brown [HB94], Swinnerton-Dyer [SD08] and Kane [Ka10] (see Theorem 2), we know that
E has infinitely many twists E′ such that the Z/2Z-rank of H1Sel(Q, E′2) equals 2 and
henceX(E′/Q)2 is trivial.
Then by Corollary 35 for an infinite subset of these twists E′, in fact all but at most 2, we
have thatX(E′/Q) is p-divisible in H1(Q, E′) for all primes p. 
Corollary 38. Let E/Q be an elliptic curve with Q-rational 2-torsion, i.e., an elliptic curve in
twisted Legendre form aY 2 = X(X − 1)(X − λ). Then H1div(Q, E) and therefore X(E/Q) is
p-divisible in H1(Q, E) for all p ≥ 5.
Proof: A quadratic twist of E/Q still has Q-rational 2-torsion. By Mazur [Ma77] Theorem
8, the only Q-rational torsion of odd order that can occur for E is of order 3. Hence the cases
(b) and (c) of Theorem 34 (2) cannot occur. Note that upon twisting by the quadratic 25 we
interchange the two cases in (b). 
5.4. An example: the Jacobian of the Selmer curve. The plane cubic
S = {3X3 + 4Y 3 + 5Z3 = 0}
describes Selmer’s curve of genus 1 violating the Hasse principle. Its Jacobian E = Pic0S is an
elliptic curve over Q of analytic rank 0 given by the homogeneous equation
X3 + Y 3 + 60Z3 = 0 (5.2)
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with [1 : −1 : 0] as its origin. The curve E has Mordell-Weil group E(Q) = 0, see [Ca91] §18
Lemma 2, and 3-torsion in an exact sequence
0→ µ3 → E3 → Z/3Z→ 0, (5.3)
which splits over a field k/Q if and only if 60 is a cube in k. Moreover, E has complex multipli-
cation by o = Z[ζ3], and the complex multiplication is defined over Q(ζ3). The curve S and E
have good reduction over U = Spec(Z[1/30]).
The curve S, as a principal homogeneous space under E describes a non-trivial 3-torsion
element [S] ∈X(E/Q), see [Ma93] I §4 and §9. Mazur and Rubin determine
X(E/Q) ∼= Z/3Z× Z/3Z
unconditionally, see [Ma93] Theorem 1 and §9. The Selmer curve S served in [ÇS12] Theorem B
and §8 as an example generating a non-trivial intersection
〈[S]〉 =X(E/Q) ∩Div(H1(Q, E)).
Here we answer the divisibility question of Cassels for E and thus justify [ÇS12] Remark 25.
Proposition 39. For the Jacobian E/Q of the Selmer curve we have
X(E/Q) + Div(H1(Q, E))3∞ = div(H1(Q, E))3∞ = H1div(Q, E)3∞ .
The proof of Proposition 39 requires some preparation. On E3∞ , the 3-primary torsion,
GalQ(ζ3) acts via o-linear automorphisms, more precisely R-linear automorphisms for
R = o⊗ Z3 = Z3[ζ3].
The ring R is a discrete valuation ring, and as an R-module T3(E) is a free module of rank 1.
Therefore we obtain a character
χE : GalQ(ζ3) → R∗
describing the action on T3(E), and a posteriori also the action on E3n . Since E/Q has good
reduction outside v | 30, the character χE is unramified outside 2, 3, 5.
Lemma 40. The character χE is surjective onto the 1-units U1R = 1 + (ζ3 − 1)R ⊂ R∗.
Proof: First, the action is via a 3-group since E3n has a filtration with quotients
E3m+1/E3m ∼= E3,
which over Q(ζ3) is further filtered with trivial quotients by (5.3). So the action is unipotent
and therefore through a 3-group. Hence χE takes values in U1R. The group of 1-units has the
structure
U1R
∼= µ3 × Z3 × Z3.
By Nakayama’s Lemma it suffices to check the surjectivity of
im(χE) U1R/(U1R)3.
A computation reveals that the image of U1R in (R/9R)
∗ is killed by 3: we compute modulo 9
and use 3 = (ζ3 + 1)(ζ3 − 1)2 to see(
1 + (ζ3 − 1)a
)3
= 1 + 3(ζ3 − 1)a(1 + (ζ3 − 1)a) + (ζ3 − 1)3a3
= 1 + (ζ3 − 1)3
(
(ζ3 + 1)a(1 + (ζ3 − 1)a) + a3
)
≡ 1 + (ζ3 − 1)3(2a+ a) ≡ 1.
The induced map
U1R/(U
1
R)
3 → (R/9R)∗
is surjective and both sides have 27 elements, hence an isomorphism. It therefore remains to
show that GalQ(ζ3) acts via a group of order 27 on E9. A computation with SAGE [S
+10] shows
Q(E3) = Q(ζ3,
3
√
60),
Q(E9) = Q(ζ9,
3
√
60,
3
√
3). (5.4)
and this completes the proof. 
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Lemma 41. Any non-trivial R-submodule of E3n contains the µ3-part of E3.
Proof: As an R-module E3n is cyclic, hence every submodule contains the (ζ3 − 1)-torsion,
which is a module of 3-elements contained in the 3-torsion E3. By the Lemma 1 above, an
R-submodule is also a GalQ(ζ3)-submodule, and there is only µ3 ⊂ E3, becasue 60 is not a cube
in Q(ζ3). 
Corollary 42. Let v be a place different from 2, 3, 5 that splits in Q(ζ3). If µ3 ⊆ E3 is not in
the kernel of the map
E3/(Frobv −1)E3 → E3n/(Frobv −1)E3n ,
induced by inclusion E3 ⊂ E3n, then Frobv = 1 in Gal(Q(E3n)/Q).
Proof: As we assume that v splits in Q(ζ3), we know that Frobv acts via R-linear automor-
phisms. In particular the subgroup
(Frobv −1)E3n ⊂ E3n
is an R-submodule. Lemma 41 shows that either µ3 ⊆ (Frobv −1)E3n , or (Frobv −1)E3n = 0. 
We recall from [ÇS12] §8 the result of the computation of the following étale cohomology
groups (see loc. cit. for the definition of Hi!(U,E3))
H1(U,E3) = H
1
Sel3(Q, E3) = H
1
Sel(Q, E3) =X(E/Q) ∼= Z/3Z× Z/3Z,
H1c(U,E3) = H
1
! (U,E3) = H
1
Sel3
(Q, E3) = 〈[S]〉 ∼= Z/3Z,
and
H1(U,E3n) = H
1
Sel3(Q, E3n) ∼= Z/3Z× Z/3nZ,
H1c(U,E3n) = H
1
! (U,E3n) = H
1
Sel3
(Q, E3n) = 〈[S]〉 ∼= Z/3Z.
and
H1div(Q, E)3∞ = H1Sel3(Q, E3∞) = Z/3Z×Q3/Z3.
We now compute the obstruction to divisibility by 3n as classes over U by exploiting the coho-
mology sequence of étale cohomology associated to
0→ E3n → E3n+1 → E3 → 0
namely
0→ H1(U,E3n)→ H1(U,E3n+1)→ H1(U,E3) δ−→ H2! (U,E3n)→ 0.
A priori the map on the right lands in H2(U,E3n). But as we start with H1(U,E3) that contains
by coincidence only locally divisible classes, we obtain a map into H2! (U,E3n). Then we count
and find that the image of δ is of order 3, while Artin–Verdier duality says
# H2! (U,E3n) = # H
1
! (U,E3n) = 3.
Proof of Proposition 39: We only have to deal with "the" Z/3Z-factor of H1div(Q, E)3∞ and
show that it becomes 3n divisible in H1(V,E) for small enough V ⊂ U . This factor is generated
by an element in H1(U,E3) and as such has an obstruction in H2! (U,E3n) which by the above is
non-zero. Well, as an obstruction against being 3n-divisible in H1(U,E). So we have to shrink
now U to V . Then the obstruction lies in the dual of the subgroup defined by
0→ H1! (V,E3n)→ H1! (U,E3n)→
⊕
v∈U\V
H1nr(kv, E3n).
So we have to find a V ⊂ U such that the Selmer curve that generates H1! (U,E3n) does not die
in
H1nr(kv, E3n) = E3n/(Frobv −1)E3n
upon evaluating a representing cocycle in the Frobenius Frobv.
Here we have to recall, where the cocycles take their values: we have a surjection
〈2, 3, 5〉 = Z[1/30]∗/(Z[1/30]∗)3 = H1(U, µ3) H1(U,E3)
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and the Selmer curve is represented by the class of 6, it means that evaluation in Frobenius
takes values in the µ3 ⊂ E3 ⊂ E3n . Now, a first conditon for non-trivial value is that µ3 does
survive in
E3/(Frobv −1)E3.
But if Frobv acts non-trivially on E3, then the coinvariants are a proper quotient, namely the
Z/3Z-quotient, and therefore µ3 dies. Thus we must have that v is chosen in such a way that v
splits completely in Q(E3)/Q. Then the Selmer curve localises to
Selmer curve cocycle(Frobv) = Frobv(
3
√
6)/
3
√
6 ∈ µ3 ⊂ E3.
We further want that this survives under mapping to E3n/(Frobv −1)E3n and by Lemma 42 this
means that we need Frobv = 1 in Gal(Q(E3n)/Q).
We see that we can find V = U \ {v} with H1! (V,E3n) = 0 if and only if
Q(E3n) and Q(
3
√
6, ζ3)
are linearly disjoint over Q(ζ3). Now over Q(ζ3) both fields are abelian and it therefore suffices
to check linear disjointness with the field extension in Q(E3n)/Q(ζ3) that correspoinds to the
mod 3 quotient of the Galois group, that is Q(E9)/Q(ζ3) as follows from the proof of Lemma 40.
But in (5.4) we have computed Q(E9) explicitly, and it is not difficult to see that
3
√
6 /∈ Q(E9).
This concludes the proof of Proposition 39. 
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